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INTRODUCTION

These notes were written as part of a project Pares Ordenados from January 2023 to
May 2023 under the supervision of Juan Omar Gomez. The goal of the present work
is to give a survey of the very basics of Category Theory, which nowadays is a very
important tool in mathematics allowing us to compare different structures. We emphasize
in the Category of Modules and give an immediate application of this theory by doing
the Grothendieck Group. In chapters 1 and 2 we follow the reference [Leil4], [Alu21] and
[Awo10]. For chapter 3, the reference was [Bly18] and [RR09]. For chapter 4 [Ros12].

Acknowledgments. I thank Juan Omar Gomez because of his constant support and
for his direction.

1. CATEGORIES

We start by defining what a Category is and give plenty examples to illustrate the
concept. After this we see that there is a category in which objects are categories and
morphisms between objects are (what is known as) functors. We end this section with
natural transformations and equivalence of categories.

Definition 1.1. A category C consists of the following data.

e A collection of objects Ob(C).
e For every A, B € Ob(C), a collection of morphisms Hom¢(A, B).
e For every A, B,C € Ob(C), there exists a map

o: Home(A, B) x Home(B, C') — Home(A, C).

such that the following two properties hold
e For every A € ODbj(C), there exists a distinguish morphism 14 € Home¢(A, A)
called the identity in A and it is such that for every f € Hom¢(A, B),

lgof=f=/fola
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e For every f € Home(A, B), g € Home(B,C), h € Hom(C, D) we have,
ho(gef)=(hog)of.
From now on, a morphism from A to B will be sometimes denoted by f: A — B.

Example 1.2. The following is a list of some well-known categories.

1. SET is the category whose objects are sets and the morphisms are functions. The
composition of morphisms is defined by the usual function composition.

2. Let k be a field. Thus VECy is the category whose objects are k-vector spaces and
the morphisms are linear transformations. The composition between two linear
transformations is given by the composition of the morphisms as functions of sets.

3. GRP is the category whose objects are groups and morphisms are group homo-
morphisms. Similarly one can define the category of rings RING and the category
of topological spaces ToOP.

4. Let < be a transitive and reflexive relation on the set S. We want to define
a category with this information. Define the objects of the category C as the
elements in S and Home(a, b) = * consists of a single element if @ < b and empty
otherwise. The composition of morphisms is given by the transitive property. If
the relation is given by a < b if and only if a = b, then there are no non-trivial
morphisms. Such categories are called discrete.

5. Let X be a topological space. Consider the relation

y<wzifand only if x € U = y € U for every open U.

If X is Ty, then this relation is a partial order (that is, a reflexive, anti-symmetric
and transitive relation). Therefore the poset’ (X, <) determines a category (see
Example 4).

6. ORD is the category whose objects are pairs (5, <) with < a reflexive and tran-
sitive relation on the set S and morphisms are order-preserving functions. The
composition in this case is just the usual composition of functions between sets.
In a similar fashion, we define the category of posets which is denoted by POSET.

7. Let R be aring. We define the category C as follows: Obj(C) = Z* and Home(n, m) =
M, % (R) and the composition between morphisms is given by matrix multiplica-
tion. The category C is usually denoted by MATy and it is known as the category
of matrices with entries in the ring R.

8. Let (G,-) be a group. The category BG has only one object (say %) and the
morpisms correpond to the elements of the group. The composition of morphisms
is given by the multiplication of the group. Explicitly, let ¢ € Hom(x,*) and
h € Hom(x, %), then hog:=h-g.

9. Let C be a category and let A be an object in C. Consider the category C4 whose
objects are given by the morphisms Z — A in C, and morphisms between two
objects Z1 — A, Zs — A are given by a morphisms ¢ € Home(Z7, Z5) such that
the following triangle is commutative.

1Poset is short for partially ordered set.
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The composition is (as expected) defined by means of doing it in C, i.e, if we have
two morphisms ¥, ¢

then, their composition is ¢ o ¢

z, —* s 7,

NS

Now, given two objects A, B in C, define C4 p as the category in which objects are

diagrams
Z
A B

and a morphism between two objects

Zl ZQ
A B A B
is a morphisms ¢: Z; — Z5 in C which makes the following diagram commutative.

Z1

I
12
+

Z2

B

The composition is induced by the composition in C.
Let C be a category and o« € Home(A,C), f € Home(B,C). Let C, s denote the
category whose objects are commutative diagrams

Z/AXC
N\ A

and a morphism between two objects
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C

NV

e / S
N \/

is an element ¢ € Homc(Zl, Zs) such that the following diagram commutes.

12. We finish this list of examples with a very geometric one. The following are called
n categories. They have n objects, the required

identity morphisms are omitted and the other morphisms are shown in the dia-
grams below.

—n=1
*

—n=2
*x —— ¢

- n=3
* —— ¢
\l
)

—n=4
* —— ¢
| <]
o — &

— n=>5

A
7

*X’
m— %
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2. FUNCTORS AND NATURAL TRANSFORMATIONS

In this section we focus on functors, these corresponds to the morphisms in the category
of categories as we will see.

Convention: From now on we restrict our treatment to categories with the following
property. For any pair of objects a, b, the morphisms from a to b determine a set. This
categories are known as locally small categories.

Definition 2.1. Let C,D be categories. A (covariant) functor F: C — D from C to D
is a map sending objects of C to objects of D and morphisms of C to morphisms of D
preserving the structure of the category, i.e., it preserves domains, codomains, composition
and identities. Explicitly:

e F(AL By=ra Y B
e FALBL C)y=FALL FB IS O
o F(A% A)=FA 4 FA

If the first condition is changed for F'(A ERN B)=FB 2ty FA, then we say that F is a
contravariant functor.

Example 2.2. The following are some of the most straightforward examples of functors.

1. Let C be a category. and consider the functor 1¢ : C — C which maps every object
and every morphism to itself.

2. The endofunctor P : SET — SET which assigns every set its power set and maps
every function f: X — Y to the set function f: P(X) — P(Y) defined by f(A C
X) = f(A) CY. In this example, by taking inverse image instead of direct image
we obtain a contravariant functor.

3. For categories with structure (groups, rings, modules, posets, etc.) one can con-
sider the functor which “forgets” the additional structure. For example, F;: POSET —
SET, F5: RING — SET, F3: TorP — SET. There is also a functor that forgets only
a part of the structure, i.e., F': gRMOD — AB.

4. Let C, D be categories and b € Obj(D). Define the constant functor 6¢: C — D
by 6¢(X) = b and b°(f) = 1, for every object X and morphism f in C, respectively.

5. Let C be a category and A € Obj(C). Then we have a functor Home(A,-): C —

SET which maps an object B in C to Hom¢ (A, B) and maps a morphism B ENYs,

to Home(A, B) EAN Home (A, C) which is given by f*(g) = f og. In particular,
these functors are of great interest for this project when C =z MoOD.

6. The functor GL,(—): RING — GRP maps a ring R to its associated general linear
group GL,(R) and maps every ring homomorphism to the group homomorphism
obtained by applying the ring homomorphism component-wise to the matrices.

7. The functor (—)*: RING — GROUP taking every ring and sending it to its group
of units.

8. The functor (—)°?: C — C sending every object to itself and every morphism to
the same morphism but with the arrow pointing in the opposite direction.

9. The functor (—)*: VEC, — VEC; assigns to each vector space its dual vector space
and each linear transformation to its transpose, is contravariant.
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The functor Spec: CRING — TOP sends every commutative ring R to Spec R the
set of all prime ideals of R with the Zariski Topology and every ring morphism

R L Ry to SpecRy EAN SpecR; defined by f*(p) = f~(p).
In some categories one can think of free objects such as free groups, rings, mod-
ules,... so it makes sense to talk about a Free functor as the following examples
illustrate

i. Given a set S, there is the free group F'(S) associated to S and every S SNy

set function induces a group homomorphism F(.S) LAY o (S') sending = =
attay? ...aym € F(S) to f*(z) = fla)™ flag)™ ... f(an)™.
ii. Similarly, construct the commutative free ring F'(S) defined by polynomials in
Z with variables z4 (s € S). For example, if S = {z,y} then F(S) = Z|x, y].
iii. For every non-empty set and commutative ring R one can always construct
the free R—module on S which is essentially copies of R indexed by 9, i.e.,

@SES RS'
Define 7;: Tor, — GROUP as the functor which assigns to every pointed space

(X, zp) its fundamental group 7 (X, Xo) and to every continuous function (X, ) ERN

(Y, yo) the group homomorphism (X, xo) ELN m (Y, yo) sending every loop g based
in xy to the loop f o g based in yq.
Let BG be the monoid G viewed as a category (see Example 1.2.8). A functor
F:BG — SET

corresponds to the following information. A set S which is the image of the only
object of BG and for every g € G a function F;: S — S say F,(s) = ¢g-s and
is such that (¢’g)-s=¢ -(g-s) and 1-s =s. Then a functor from BG to SET
corresponds to a set S together with a left action of GG, this is called a left G—set.
Similarly, a contravariant functor between these categories is a right G-set.
Let A, B be posets viewed as categories. A functor from A to B is an order-
preserving function.
Let n € Z*. The map F: CRING — MON sending a commutative ring R to
M,,(R) and every ring morphism f: R — S to f*: M,,(R) — M, (S) such that
f*(aij) = (f(a));;, i.e, we change every entry of the matrix for its image by f.
This prescription defines a functor.
Let A be a category. A presheaf in A is a contravariant functor from A to SET.
Note that this is equivalent to specify a functor from the opposite category, i.e, a
presheaf is a functor from A°% to SET.

Now, consider functors F: A — B, G: B — C. We can define the composition H =
GoF: A — Cby HA = (Go F)(A) and Hf = (G o F)(f) for every object A and
morphism f in A, one can check that this defines a functor. From this observation it
is clear that we can form a category whose objects are categories and morphisms are
functors.

Definition 2.3. Two categories C and D are isomorphic if there exist functors F': C — D
and G: D — C such that FoG=1py Go F = 1¢.

Example 2.4. The category of abelian groups is isomorphic to the category of Z-modules.
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Definition 2.5. Let G, F': C — D be two functors. A natural transformation n: F = G
is a collection of maps {na: F(A) — G(A)}acc such that for every morphism f: A — B
the following diagram commutes

F(A) 2~ G(A)
F(f)L lcm
F(B) -2~ G(B)

A natural transformation between functors F, G will be sometimes written as follows

Let F': C — D be a functor. Define 1p: F' = F, where each (1p)4 is the identity
morphism 14. On the other hand, for two natural transformations n: F = G andn': G =
H, define the composition as (7' on) := 1, 0n4 so that we have a natural transformation
n'on: F' = H. The definition above is known as the category functor from C to D denoted
by D¢ or [C,D]. Now we give some examples to illustrate what a natural transformation
is.

Example 2.6. Let A be a discrete category whose objects are positive integers, then a
functor F': A — B is essentially objects Fy, Fs, ..., F,, ... so a natural transformation
a: F'— G of two such functors is a collection of morphisms «;: F; — G;.

Example 2.7. Let n be a fixed natural number. We already know that M,,: CRING —
MON define a functor. We can view every ring (R, +,-) as a monoid (R,-) and so we
also have a functor U: CRING — MoON. We want to prove that (detg: M, (R) —
U(R))recrine is a natural transformation, i.e,

M,
CRING ﬂ det Mon

N 7

U
For this, let f: R — S be a ring morphism, then,

M, (R) U(R)
I
M,(S) —% U(S)

is a commutative diagram since f(det,(a;;)) = detg(f(a;;)).

detp

We end this section with two important and useful definitions.

Definition 2.8. Let C and D be two categories, and F, G two functors from C to D. We
say F' and G are natural isomorphic if they are isomorphic in the category [C, D).
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Definition 2.9. An equivalence of categories C and D consists of a pair of functors
F:C — D and G: D — C together with natural isomorphisms

n:le = GoF, g: FoG — 1p.

3. CATEGORIES OF MODULES

In this section we present some basics of the category of modules which led to define the
Grothendieck group of a ring. In the following let R be a commutative ring with unity.

Definition 3.1. Let (M;);c; a family of R—modules. By a product of this family we mean
a pair (P, (f;))ie; where P is an R—module and f;: P — M; are R—morphisms, such that
for any other pair (M, (g;)icr) there exists a unique R—morphism h from M to P making
the following diagram commutes

M

h/// lgi
K,
If such product exists then it is unique up to isomorphism.

Proposition 3.2. If (M;)ics is a family of R—modules then the cartesian product of this

family ] M; (viewed as an R—module with the operation and action component wise) is a
il
product of this family.

Similarly to the definition of a product, we define the dual notion, namely a coproduct.

Definition 3.3. Let (M;);c; be a family of R—modules. By a coproduct of this family
we mean a pair (C, (f;))ier where C' is an R—module and f;: M; — C' are R—morphisms,
such that for any other pair (M, (g;)ics) there exists a unique R—morphism A from C to
M making the following diagram commute

M, 25 M

//7

le ///h

C
If such coproduct exists, then it’s unique up to isomorphism.
Proposition 3.4. If (M,;)ic; is a family of R—modules then the direct sum @ M; is a

iel

coproduct of this famaily.
Definition 3.5. If M, N are right and left R—modules respectively then by a tensor
product of these we mean a pair (T, f) where T' is a Z-module and f: M x N — T is
a R-biadditive map, such that for any other pair (P, g) with ¢ also R-biadditive, there
exists a unique Z-morphism h: P — T making the following diagram commute

MxN -2 p

//‘(
|
" h
T

If such a tensor product exists then it is unique up to isomorphism, and it is denoted by
M ®pr N.
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Let M, N be right and left R—modules respectively. Consider F' the free Z-module with
basis M x N and let S be the subgroup generated by all elements of the following type,

e (a,b+ V) —(a,b) — (a,b)

e (a+d,b)— (a,b) — (d,b)

e (ar,b) — (a,rd)
for every (a,b) € M x N and r € R. Define M @ N= F/S, h: M x N - M ®g N by
h(a,b) = a ®p b where a @z b = (a,b) + S.
Proposition 3.6. The Z-module M ®r N defined above is a tensor product of M, N.

Proposition 3.7. Let M, N; be left R—modules and S a right R—module. Then, the tensor
product we have the following two properties:

e RRXrM=M
¢ SRRPN; =PD(S®r N;).

iel iel
Theorem 3.8. Let R, S be commutative rings with 1, M an SR — bimodule and N a left
R—module. Then M ®r N is an S—module.

Definition 3.9. Let M be an R—module and () # X C M. Similar to vector spaces, we
say X is a basis for M if X is a linearly independent which generates M.

Definition 3.10. Let S be a non-empty set. A free R—module F' over S is a pair (F, f)
where F'is an R—module and f: S — F' is a set function, satisfying that for every R—
module M and every set function g: S — M there exists an R—morphism h: F© — M
such that the following diagram commutes

S -2 M
1
fl
/// h
F

Moreover, if (F, f) is free, then f is injective and imf is a basis for F.
Proposition 3.11. An R-module is free if and only if it has a basis.
Corollary 3.12. Every free R—module is isomorphic to a direct sum of copies of R.

More can be said, if S is a non-empty set and (F, f) is a free R—module over S, then F
has imf as a basis. Since f is injective, we have that S is in bijection with imf. Thus we

can consider S as a basis for F' which is isomorphic to R-module € R;.
seS

Proposition 3.13. Fvery R-module is a quotient of a free module.
Definition 3.14. A sequence of R—modules is a diagram

fic1 fi
o M > M; » Wiy ——> -

A sequence of R—modules is called exact at M; if im f;_; = ker f;. It is said to be exact
whenever it is exact for every M; in the sequence.

Definition 3.15. An exact sequence N — P — 0 is right split if there exists a: P — N
making the following diagram commutative
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P

N > P > 0
Similarly, an exact sequence 0 — M — N is left split if there exists §: N — M such that
the following diagram commutes

'ldMl
v

A short exact sequence 0 - M — N — P — 0 is said to split if it is left split and right
split.

Proposition 3.16. If0 - M — N — P — 0 splits, then N = M & P.

Definition 3.17. Let M be an R-module and N an R-submodule of M. We say N is
a retract of M if there is an R—morphism r: M — N such that the following diagram
commutes

N

N — N
where 7 is the inclusion. Which means, NN is retract if the inclusion splits on the left.

Definition 3.18. An R—module P is called projective if every diagram with exact row

P

|

A s B s 0

can be extended to a commutative diagram

-
-
-
-
-
-
)’4

A s B s 0.

Lemma 3.19. Let P be a projective module and N be a retract of P. Then N is projective.
Lemma 3.20. If M C P and M is a direct summand of P, then M is a retract of P.
Lemma 3.21. FEvery free module is projective.

Theorem 3.22. Let P be an R—module. The following properties are equivalent:

(i) P is projective.

(ii) Hompg(P, ) is exact.
(iii) Ewvery ezact sequence M — P — O splits.
(iv) P is a direct summand of a free module.
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Definition 3.23. Let C be a category. A lifting problem is a commutative diagram

A—— X

fllg —”l/g

This problem has a solution if there is d: B — X such that the following diagram com-
mutes
A— X

A
]2

B——Y

Fixing f, g we say f has the left lifting property with respect to g if every lifting problem
with vertical arrows f and g has a solution. In this case we also say ¢ has the right lifting
property with respect to f and we write f 7 g.

Remark 3.24. If M is a colection of morphisms of a category C, we write f * M meaning
f /*m for every m € M. For example, if C = SET then mono " epi.

We can rephrase the definition of a projective module making use of lifting properties as
follows

Definition 3.25. An R—module P is projective if (0 — P) " epi as the diagram illus-
trates
0O — M

A
l /// lg

s

P —— N.

4. THE GROTHENDIECK GROUP

In this section we study what is known as the Grothendieck construction which is used
later to introduce the Grothendieck group of a ring. For this purpose, we recall that one
can build the integers Z from the natural numbers N and the idea is that Z := N x N/ ~
and N C Z, where the relation is defined as (my,n;) ~ (mg, ng) if and only if my + ny =
msg +ny. Similarly for the rational numbers we have Q := Z x Z/ ~ by applying the same
method but using the multiplication for the relation. In general, the question is whether
for every abelian monoid (M, +,0) we can form a group G by doing the construction
explained before such that M C G; the answer is positive and corresponds precisely to
the Grothendieck construction.

Theorem 4.1. Let (M,+,0) be an abelian monoid. Then there exists an abelian group
K(M) and a morphism of monoids iy : M — K(M) such that for every other abelian
group G' and monoid morphism f: M — G there exists a unique group morphism f: K(M)—
G making the following diagram commute

M—1 5q

A
. -
ZM\L P
0 f

K(M)
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Proof. Consider the relation in M x M given by (mq,n;) ~ (msg,ny) if and only if there
is u € M such that m; + no + u = mg + ny + u. We claim that this is an equivalence
relation:

e Reflexive : Since m +n+ 0 = m+ n+ 0 then (m,n) ~ (m,n).
e Symmetric : Let (mq,n1) ~ (mg,ng) then my + ny + u = my + ny + u which is
the same as mg 4+ ny +u = mq + ng + u, hence (Mg, ny) ~ (my,nq).
e Transitive : Let (mq,ny) ~ (mg,ny) ~ (ms,ng), then we have the two equations
my+no+u = ms+ny+u and ms+ns+v = msg+ns+v. Adding those and letting
w = mg+mns+u+v we have my +ns3+w = mz+ny +w, hence (my,ny) ~ (ms,n3).
Now, let K(M) = M x M/ ~, the elements of this set will be written [m,n] instead of
[(m,n)]. Define in K (M) an operation by

[ma, 1] + [Mma, ne] = [Mmy + ma, ny + no

it is well defined since given (ms,ny) ~ (m),n}) and (mg,ng) ~ (mh,n,) we have the
equations my + nj +u = mj +n; + v and me + n), +v = mhH + ny + v, letting w =u+v
we get the equation (my 4+ mg) + (0} + n)) +w = (m} +mb) + (n1 + n2) + w by adding
the two above. Hence [my + ma, ny + ng| = [m + mb, n) + nf]. Moreover, this operation
satisfies the following properties:

e Associative/Abelian : It follows since the sum of classes is the class of the sum
in the monoid which is associative and commutative.

e Identity : Let [m,n|, [k, k] € K(M) then [m,n] + [k, k] = [m + k,n + k] = [m,n]
and similarly [k, k] + [m,n] = [k +m,n + k| = [m,n]. Then there is an identity
element in K (M) given by [k, k| for every k € M.

e Inverses : Let [m,n| € K (M) then [m,n|+ [n,m| = [m + n, m + n] implies [n, m]
is the additive inverse of [m, n|.

We conclude that K (M) is an abelian group with this operation. Now, if ip: M —
K (M) is defined by iy (m) = [m, 0], then iy,(0) = [0,0] and ip/(m 4+ n) = [m +n,0] =
[m, 0] + [n,0] = ipr(m) + ipr(n). In particular, ¢y, is a morphism of monoids.

Finally, if f: M — G is a monoid morphism and G is a group, then we need f c K(M) —
G group morphism such that f oiy = f. Define f([m, n]) = f(m) — f(n). If (my,ny) ~
(mg,ng), then we have an equation my + ng + u = mg + ny + u, and by applying f, we
obtain f(m1) + f(n2) + f(u) = f(m2) + f(n1) + f(u) which is equal to f(m1) — f(n1) =
f(ma) — f(ns). Therefore f([my,n1]) = f([ma,no]). Now we shall prove that f is indeed
a group morphism. This follows from

F([ma, ) + [me, no]) = f([ma + ma, 1 + ny))
(m1 +mg) — f(n1 + ny)
(m1) + f(mz) — f(n1) — f(n2)

+ (f(m2) — f(n2))

4

Remark 4.2. In the construction presented above we did not assume that M has the
cancellative property. In fact, one has the property that ¢,, is inyective if and only if M
is cancellative.
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Definition 4.3. Let R be a commutative ring. We define the Grothendieck group of the
ring R as Ko(R) = K((Proj R,®)) where Proj R is the set of finitely generated projective
left R—modules.

Now, we shall prove that with this definition, K, is a functor from the category of
commutative rings CRING to the category of abelian groups AB. For the sake of generality,
we first prove that the Grothendieck construction of a monoid is a functorial. Thus
Ko = K o Proj is a functor, since it is a composition of functors.

RING ﬂ ABMON
T I
AB

Consider the functor K which assigns to every abelian monoid M its Grothendieck
construction K (M) and to every morphism f: M — N the morphism iy o f: K(M) —

K(N) given by i, o f([m,n]) = [f(m), f(n)]. Then, if M; % M, Ly M; we have to verify
the equality iy, o foip, 0 g =iy, 0 (fog),

® in, o (fog)([m,n]) =[f(g(m)), f(g(n))].
e (iag © f oiag 0 g)([m,n]) = iag o f([g(m), g(n)]) = [f(g(m), f(g(n))].

Moreover, if M —% M then i3 o Ly (fm,n]) = [1am(m), 1y (n)] = [m, n] = L ([m, n)).

Now, define the functor Proj which sends every commutative ring R to the monoid
(Proj R,®) and every ring morphism f: R — S to the monoid morphism f*: Proj R —
Proj S given by the prescription f*(P) = S ®g P. Let’s see that in fact this tensor
product is in Proj S. Since P is projective then P& Q) = R™ implies (S®@ P)® (S® Q) =
SRPaQ)=S®g R"= 5" we conclude S ® P is a direct summand of a free module
then projective. The functor properties are shown below

o Let RS S The ring morphisms, then (fog)* (M) =T®@rM ZTRsSRrM =
[*(S @r M) = (f* 0 g")(M).

o (1r)*(M)=R®rM =M = 1po;r(M).

o Let f: R— Sthen f*(0) =0and ff*(M®N)=SQr(M®N)=(S@rM)®
(S®N) = f*(M)@ f*(N). This means, f* is in fact a monoid morphism.

We finish this document with some examples of the Grothendieck group of certain rings.

Example 4.4. If R = F is a field then every finitely generated projective F-module is
simply a finite dimensional vector space and the dimension is well-defined. Moreover, they
are classified by its dimension. It follows that Proj F' = N as monoids. Since Kj is a
functor, it preserves isomorphisms, then Ky(F') = Ky(N) = Z.

Example 4.5. Let R be a PID. Let M be a finitely generated projective R—module. Since
M is projective then it is a direct summand of a free module, so M is embedded in R"
for some n € Z*. We want to prove M is free, that is M = R* for some k € Z*. By
induction on n. If n =1,

then M = R. Suppose that the result holds for every integer less than n. Let 7: R™ —
R denote the projection to the last component. Since M can be regarded as a subset of
R", then we have the following two cases:
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7(M) = 0. Then M C kerr < R"!. By the inductive hypothesis we conclude
that M = RF for some k <n —1 < n.

w(M) # 0. In this case we can consider 7(M) as an ideal of R. Since we are
in a PID, it follows that 7(M) is principal, and hence projective. Consider the
following exact sequence where i,; and ¢ are the natural inclusions,

0—>ker(7roiM)i>MM>7r(M)—>O

it splits since 7(M) is projective, so M = w(M) @ ker(m o ip), we know the
second direct summand is embedded into R"~! so by the inductive hypothesis it is
isomorphic to some R* with k <n —1. Hence M = RF @ (M) = RF @ R = Rk
with £ +1 < n.

Therefore M = R* for some k. Suppose that M = R¥ = R™. Let F' = Frac(R). Then
F@rM=F®zRF= FF On the other hand, we have that F @z M = F @ R™ = F™,
Since vector spaces are determined, up to isomorphism, by their dimension, we deduce

that k

[Alu21]
[Awo10]
Bly1§]

[Leild]
[Ros12]

[RROY]

= m. It follows that k is unique. We conclude Ky(R) = Z

REFERENCES

Paolo Aluffi. Algebra: chapter 0, volume 104. American Mathematical Soc., 2021.

Steve Awodey. Category theory. Oxford university press, 2010.

Thomas Scott Blyth. Module theory: an approach to linear algebra. University of St Andrews,
2018.

Tom Leinster. Basic category theory, volume 143. Cambridge University Press, 2014.

Jonathan Rosenberg. Algebraic K-theory and its applications, volume 147. Springer Science &
Business Media, 2012.

Joseph J Rotman and Joseph J Rotman. An introduction to homological algebra, volume 2.
Springer, 2009.

CALLE 13 N.° 100-00 CaLI, COLOMBIA.
Email address: julian.montenegro@correounivalle.edu.co



